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Abstract

Contour treeshavebeenusedin geographic information
systems(GIS)andmedicalimaging to displayscalardata.
Contours are only definedfor continuousfunctions. For
an image representedby discretedata,a continuousfunc-
tion is first definedas an interpolation of the data. Then
the contourtreeis definedon this continuousfunction. In
this paper, we introducea new concepttermedmonotonic
line, which is directly definedon discretedata. All mono-
tonic lines in an image form a tree, calledmonotonictree.
Ascomparedwith contourtrees,monotonictreesavoidthe
stepof interpolation,thuscanbecomputedmoreefficiently.
Monotonic tree can be reduced. The reducedmonotonic
tree can also be usedas a hierarchical representationof
image structures in image processing. In particular, we
demonstrateits applicationonimagesmoothingandtexture
retrieval. Experimentsshowthat our smoothingschemeis
successfulin bothnoisereductionandtexture retrieval.

1 Intr oduction

1.1 Contour tr ee

The conceptsof contour trees have been developed by
Morse [11], RoubalandPoiker [12], and recentlyby van
Kreveld et al. [17]. In geographicinformation systems
(GIS), contourtreesareusedto displayscalardatadefined
over the plane,or the three-dimensionalspace.For exam-
ple,theelevationin thelandscapecanbemodeledby scalar
dataover the plane,wherea contour(also called an iso-
line) is aline wheretheelevationfunctionassumesthesame
value. Contourtreesarealsousedin medicalimaging to
show thescanneddata.

The exampleshown in Figure1 is taken from [17]. In
this example,the input dataset is modeledby 2D triangle
meshwith linear interpolation.Thecontoursof all critical
verticesin themeshsubdivide the2D domaininto regions.
Everyregionbetweencontoursis boundedby two contours.
To constructthe contourtree,eachcontourin the subdivi-
sioncorrespondsto a nodein thegraph,andtwo nodesare

Figure1: An exampleof 2D contourtree.

connected(from max to min) if thereis a region bounded
by theircorrespondingcontours.Thisgraphis atree,which
is easyto show [3, 16], andit is calledthecontourtree.

In general,for any continuousfunction
���������	�

, a
contouris definedto beaconnectedcomponentof thelevel
set 
���
 � ��� ��� ��������� for some��
 � . For generalfunc-
tions,contoursmaybe � -dimensional,

� ������� -dimensional,
or lower dimensional.For Morsefunctionsdefinedon

� �
,

contoursare either
� ��� ��� -dimensionalhypersurfaces(if

they arenormalcontours),or isolatedpoints(if they arede-
generatecontours).A functionwhosecritical pointsareiso-
latedis calleda Morsefunction.

Contoursareonly definedfor continuousfunctions.For
an imagerepresentedby discretedata,a continuousfunc-
tion is first definedasaninterpolationof thedata.Thenthe
contourtreeis definedon this continuousfunction. In this
paper, we introducea new concepttermedmonotonicline,
which is directlydefinedon discretedata.

1.2 Monotonic tr ee

Weobservethatfor any 2D Morsefunction,acurveis anor-
mal contourwith value � if f it’s a boundaryof theset 
���
��! � ��� ���#"$�%� . This is not true for non-Morsefunctions.
However, theequivalentconditionis moregeneral,andcan
be usedto define contoursof discontinuousfunctionsor
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discretefunctions. For an imagerepresentedby a discrete
function

�&� 
�')(��*(�+,+-+,(/.0�1�*�324
�'%(5�*(�+,+-+-(768�9�:� �;� and
somevalue � , a boundary< of theset 
��=
?> ! � ��� ���@" ���
is alwaysclosedandhassuchapropertythatthefunctionis
monotonicfrom onesideof < to theotherside,i.e.,eitherof
following is true:

(1) the function
�

assumesvalueshigherthan � at pixels
adjacentto the interior sideof < , andvaluesno more
than � atpixelsadjacentto theexteriorsideof < . In this
case,< is calledanoutward-falling monotoniccontour
or monotonicline;

(2) the function assumesvaluesno morethan � at pixels
adjacentto theinteriorsideof < , andvalueshigherthan� atpixelsadjacentto theexteriorsideof < . In thiscase,< is calledanoutward-climbingmonotoniccontouror
monotonicline.

Figure2(a) givesan exampleof outward-falling mono-
tonic line. Thetwo kindsof monotoniclinescorrespondto
positive andnegative contourlines in [11]. However, our
definition works for discontinuousfunctionsand discrete
functions. To make the boundaryof the domainrectangle
amonotonicline, weextendtheinput functionto thewhole
plane > ! suchthat theextendedfunctionassumes�BA out
of the domainrectangle. It canbe proved that monotonic
linesdon’t crosseachother, i.e., if <DC@�FEHG , < ! �FE�I are
two monotoniclines,whereG , I aretwo simplyconnected
regions, then GKJLI , I	JLG or GNMOIP�RQ . Based
on this property, we candefinea parent-childrelationship:
monotonicline <DC is the parentof monotonicline < ! , if < !
is directly enclosedby < C . Underthis parent-childrelation-
ship, all monotoniclines in an imageform a rootedtree,
calledmonotonictree. For example,all monotoniclines in
Figure2(b) form a monotonictreeshown in Figure2(c).

A monotonictreecanbereduced.A maximalsequence
of uniquelyenclosingmonotoniclinesis calledamonotonic
slope. All monotonicslopesin an imageform a reduced
monotonictree. SeeFigure2(d).

Algorithms for computingtraditionalcontourtreescan
be easilymodifiedto computemonotonictreesor reduced
monotonictrees. Becausethe monotonicline is directly
definedon pixels, the interpolationstepis avoided. Thus
themonotonictreesandthereducedmonotonictreescanbe
computedmoreefficiently.

1.3 Multiscale, Noise and Texture in Image
Processing

Multiscale (or multi-resolution)is onemain methodology
in imageprocessing.Imageshave differentfeaturesat dif-
ferentscales. As Lindeberg said in [9], “ ... every opera-
tion on imagedatamustbecarriedoutona window, whose
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Figure2: (a) An outward-falling monotonicline, (b) a set
of monotoniclines,(c) themonotonictree,(d) thereduced
monotonictree.

sizecanrange froma singlepoint to thewholeimage. The
typeof informationwe can get from such an operation is
largely determinedby the relationshipsbetweenstructures
in the image and the sizeof the window. Hence, without
prior knowledge aboutwhatweare lookingfor, there is no
reasonto favor any particular scale. We shouldtherefore
try themall and operate at all window sizes.” Sincethe
typeof informationwe cangetfrom a window-basedoper-
ationis alsolargelydeterminedby therelationshipbetween
the shapesof the structuresin the imageandthe shapeof
the window, we shouldalsotry all window shapes,which
will make the window-basedoperationsnot efficient. We
may wonder: can we get the structuresof an image di-
rectly? Thereducedmonotonictreeof animageis oneap-
proachto retrieving andrepresentingthe structuresof the
imagehierarchically. Eachbranch(i.e., subtree)of the re-
ducedmonotonictreerepresentsastructure,wherethesub-
branchesaresubstructures.As comparedwith othermulti-
scaletechniquessuchas wavelet, the reducedmonotonic
tree retrieves the imagestructuresdirectly and maintains
their original shapes.For thewavelet-basedtechniquesthe
featuresareretrievedthroughoperationssuchasconvolving
with themotherwaveletsatdifferentscales,thustheshapes
of correspondingstructuresaretransformedandsometimes
lost in theretrievedfeatures.

In thispaper, weaddresstheproblemsof imagesmooth-
ing andtexture retrieval to demonstratethe applicationof
thereducedmonotonictree. Imagesmoothing,or noisere-
moval, is oneof themostimportantdesigngoalsof image
enhancement.Existing smoothingtechniquesinclude lin-
earfiltering suchasGaussiansmoothingoperation,nonlin-
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earfiltering suchasKuwaharafilter [4], statisticalmethods
[8, 1], wavelet[6, 18], andPDEbasedmethods[10, 7]. Tex-
ture is definedby Tamuraet al. [13] as “what constitutes
a macroscopicregion. Its structure is simplyattributedto
the repetitivepatternsin which elementsor primitivesare
arranged according to a placementrule.” Texture analy-
sisschemesincludegeometricalmethods[15], randomfield
models[2], andwaveletmodels[5].

Noise in imagescorrespondsto high frequency parts.
Usuallysodoestexture. In many cases,existing smoothing
techniquesremoveor reducebothnoiseandtexture.While
moreeffort hasbeenmadeon imagesmoothingandtexture
analysisseparately, lesshasbeendoneto tell and handle
the differencebetweentexture andnoise,especiallywhen
texture and noiseare mixed togetherin one image. This
situationmakestexture retrieval difficult. On onehand,if
we don’t applysmoothingalgorithmsfirst, theexistenceof
noisein an imageaffectsbadly theperformanceof texture
analysisschemeson the image; on the other hand, if we
applysmoothingalgorithmsfirst, it’s a risk that thetexture
structureis alsoremovedor damagedduringtheprocessof
smoothing.

The reducedmonotonictreeprovidesa framein which
we canuniformly handleimagesmoothingandtexture re-
trieval. In a reducedmonotonictree, eachbranchrepre-
sentsa structure,whosescaleis determinedby the area
coveredby this branch. The fine scaledetail, which rep-
resentsthehigh frequency partof theimage,consistsof all
brancheswhoseareasareno more thana scalethreshold.
Givenascalethreshold,wesmooththeimageby cuttingall
branchesof thereducedmonotonictreewhoseareasareno
morethanthethreshold.

What if thebranchesbeingcut areregular in shapeand
permutation,i.e., they don’t correspondto thenoisepartof
theimage?In this case,we gettexture. Essentially, thede-
tail in smallscalesis eithertextureor noise.Themaindif-
ferencebetweentexture andnoiseis that the texture of an
objectis an intrinsic partof theobject,consistingof repet-
itive patternswhich areregularin placement;thenoiseis a
resultof outerforces,andusuallyis irregular. Therelation-
shipamongsmoothing,textureandmultiscaleis illustrated
in Figure3.

smoothing  = noise or texture
 = finer scale structure
 high frequency part

 low frequency part
= coarser scale structure
 = smoothed data

Image Data  

Figure3: Relationshipamongsmoothing,textureandmul-
tiscale.

Our texture retrieval schemecan be classifiedas a ge-

ometric method. The classof geometrictexture analysis
methodsis characterizedby their definition of texture as
beingcomposedof texture elements[14]. The texture el-
ementsarecalledtextons. Themaindifficulty of geometric
methodsis at thestepof texton retrieval. Oncethe textons
areidentifiedin the image,other techniquessuchaspoint
patternrecognition,shapeanalysisandstatisticscanbeused
to analyzethefeaturesin theshapepatternsandplacement
of the textons. Basedon the reducedmonotonictree, for
a given scale,the structureat this scaleis representedby
a setof branches(which cover disjoint regions in the im-
age). If the branchesat this scaleareregular in shapeand
permutation,eachof themis a texton. Otherwise,they rep-
resentthe noiseat this scale.Thusthe reducedmonotonic
treeprovidesa facility helpingusunderstandthedifference
betweentextureandnoise.

2 Representation of Boundaries of
Digital RegionsasCir cular Lists

under 4-connection under 6.1-connection under 6.2-connection under 8-connection

β
α

γ

(a) under (b) under (c) under (d) under
6.1-connection4-connection 6.2-connection 8-connection

Figure4: Boundariesof adigital regionunderdifferentcon-
nections.
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Figure5: (a) 6.1-neighborsof pixel (1,1),(b) 4 pixel edges
of (1,1).

The boundaryof a digital region dependson what kind
of pixel connectionis assumedin digital plane > ! . See
Figure4. Therearefour kinds of neighborsin the digital
plane: 4-neighbors,two 6-neighbors,and8-neighbors.In
this paper, we useonekind of 6-neighbors,anddenoteit as
6.1-neighbors:for eachpixel

�TS (VUW� , its 6.1-neighborscon-
sistof

�TS (XUY�����Z( �TS (XU\[����Z( �TS ���*(XU]�Z( �DS [��*(XUW�^( �DS �4�:(XUY����� ,
and
�TS [_�`(VUa[F��� . SeeFigure 5(a). Two pixels b\(7c are

called d)+-� -adjacent, if be�fc or b is a d)+-� -neighborof c .
A sequenceof pixels 
gb�hi�kjh,l C is called a d)+-� -path, if for
all �9m S#npo , b h (Db h,q C are d)+-� -adjacent.For any digital
region r andany bs(7c=
 r , bs(gc arecalled d)+-� -connected
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in r if thereis a d)+-� -path in r connectingb\(7c . A digital
region r is called d)+-� -connectedif any two pixelsin r ared)+-� -connectedin r .

In digital geometry, the boundaryof a digital region is
representedby the boundarypixels. We choosea differ-
entway andrepresenta boundaryby a circular list of pixel
edges.

Definition 2.1 Each pixel tvuiwyx{zB|~}�� correspondsto a square
in � � : ���5�W�:��� tvuiwDx{z���� uH���� wiu)���� �H� � x����� wyx����� � .For pixel (i,j), we define its pixel edges as the four edges of���5�W�:��� tvuiwTx{z . SeeFigure 5(b). More specifically, we defineits
toppixel edge to be

t-Edge (i,j)= �:tv��wTx�� �� z/� uH� �� � � � u�� �� � ,its bottompixel edge to be
b-Edge tvuiwyx{z\�?�{tv�HwDx�� �� z/� u����� � � � u����� � ,its left pixel edge to be
l-Edge tvuiwDx{zs�?�:tvuH� �� wi�`z/� x�� �� � � � x�� �� � w and

its right pixel edge to be
r-Edge tvuiwDx{z\�?�{tvu�� �� wX�]z/� x�� �� � � � x�� �� �k�Thefour edgesare also denotedas (i,j,top), (i,j,bottom),(i,j,left)

and(i,j,right), respectively. Thesetof the four edgesare denoted
asEdgeSet(i,j).For anypixel edge

�
of pixel � , it’ s alsoan edge

of anotherpixel
�
, andwedefinethepixel setof

�
as:� uD� �5� ���/¡ t � zH�¢�i�Hw � � .

Each pixel edge have two representations. For exam-
ple, the pixel edge

�DS (VU`(¤£¦¥/b�� can also be representedas�TS (VU@�=�`(g§^¥k£i£¦¥k¨�� .
Definition 2.2 A circular list is a pair

n G�( o�© �%£B" such
that G is a finite setand
(1) next is a bijectivefunctionfromX to X; and
(2) ªH�\(¤«�
�G , there existsinteger

o­¬ ' such that �9�o�© ��£¦j � «)� , i.e., �4� o�© ��£ �To�© �%£ � +,+-+® ¯^° ±
j

� «)�¤�7� .

Definition 2.3 For any set G J²> ! , we define EHG to
be the set of all pixel edges which are in the border,
i.e., E�G �³
 © � �TS (VU`( ©�o�´ ¨ © � � �DS (VUW�e
µGO¶ ©�o�´ ¨ © �£¦¥/bs(g§Z¥k£i£¦¥k¨~(7· SV¸)¹ £^(g¥k·�< ©{� £^¶ ´]o �Bº S � © <yr © £ �D© ��»J=GO� .

We define the “next” function on EHG as:¼¾½s¿ ¼-ÀÂÁ¦Ã{ÄsÅÇÆiÈZÉH¿ ¼-ÀÂÁXÀ,Ê¾Ë Ì/Ã{ÄÎÍgÅ\ÀsÏÎÐDÑ7Ê¾ÒÓTÔ Õy¿ ¼-ÀÂÁXÀ,Ê¾Ë Ì/Ã{Ö×Ø Ù ¿ ¼-ÀÂÁXÀ-Ú ÐV½gÊ,Ã if
¿ ¼5Û�ÜXÀÂÁ�Û�ÜyÃ`ÝÄ\Å\ÀD¿ ¼5Û�ÜXÀÂÁ¦Ã]ÝÄ�Å�Þ¿ ¼ZÛ�ÜXÀÂÁXÀ,Ê¾Ë Ì/Ã

if
¿ ¼5Û�ÜXÀÂÁ�Û�ÜyÃ`ÝÄ\Å\ÀD¿ ¼5Û�ÜXÀÂÁ¦Ã{Ä�Å�Þ¿ ¼ZÛ�ÜXÀÂÁ�Û�ÜXÀ,ßy¼ à7á7Ê,Ã

if
¿ ¼5Û�ÜXÀÂÁ�Û�ÜyÃkÄ\Å�Þ¼¾½s¿ ¼-ÀÂÁ¦Ã{ÄsÅÇÆiÈZÉH¿ ¼-ÀÂÁXÀ â ËyÊÂÊ¾Ëyã\Ã{ÄÎÍgÅ\ÀsÏÎÐDÑ7Ê ÒÓTÔ Õy¿ ¼-ÀÂÁXÀ â ËyÊÂÊ¾Ëyã\Ã{Ö×Ø Ù ¿ ¼-ÀÂÁXÀ,ßD¼äà7á¤Ê,Ã if
¿ ¼Zå�ÜXÀÂÁ]å�ÜyÃ]ÝÄ\Å\ÀD¿ ¼Zå�ÜXÀÂÁ¦Ã`ÝÄsÅ�Þ¿ ¼^å�ÜXÀÂÁXÀ â ËyÊÂÊ¾Ëyã\Ã

if
¿ ¼Zå�ÜXÀÂÁ]å�ÜyÃ]ÝÄ\Å\ÀD¿ ¼Zå�ÜXÀÂÁ¦ÃkÄsÅ�Þ¿ ¼^å�ÜXÀÂÁWå�ÜXÀ-Ú Ðy½gÊ-Ã

if
¿ ¼Zå�ÜXÀÂÁ]å�ÜyÃ{Ä\Å�Þ¼¾½s¿ ¼-ÀÂÁ¦Ã{ÄsÅÇÆiÈZÉH¿ ¼-ÀÂÁXÀ-Ú Ðy½gÊ-ÃkÄsÍ/Å\À\ÏÎÐTÑgÊ¾ÒÓTÔ Õy¿ ¼-ÀÂÁXÀ-Ú ÐV½gÊ,ÃkÖ×Ø Ù ¿ ¼-ÀÂÁXÀ â ËDÊ¾Ê¾ËDãÎÃ if
¿ ¼-ÀÂÁWå�ÜyÃ]ÝÄsÅ�Þ¿ ¼-ÀÂÁWå�ÜXÀ-Ú Ðy½gÊ-Ã

if
¿ ¼-ÀÂÁWå�ÜyÃ{ÄsÅÎÀD¿ ¼ZÛ�ÜXÀÂÁWå�ÜyÃ]ÝÄsÅ�Þ¿ ¼ZÛ�ÜXÀÂÁWå�ÜXÀ,Ê¾Ë Ì/Ã

if
¿ ¼-ÀÂÁWå�ÜyÃ{ÄsÅÎÀD¿ ¼ZÛ�ÜXÀÂÁWå�ÜyÃ{ÄsÅ�Þ¼¾½s¿ ¼-ÀÂÁ¦Ã{ÄsÅÇÆiÈZÉH¿ ¼-ÀÂÁXÀ,ßy¼ à7á7Ê,Ã{ÄsÍ/Å\À\ÏÎÐTÑgÊ¾ÒÓTÔ Õy¿ ¼-ÀÂÁXÀ,ßD¼äà7á¤Ê,Ã{Ö×Ø Ù ¿ ¼-ÀÂÁXÀ,Ê¾Ë-Ì^Ã if
¿ ¼-ÀÂÁ�Û�ÜyÃ]ÝÄsÅ�Þ¿ ¼-ÀÂÁ�Û�ÜXÀ,ßy¼ à7á¤Ê-Ã

if
¿ ¼-ÀÂÁ�Û�ÜyÃ{ÄsÅÎÀD¿ ¼^å�ÜXÀÂÁ�Û�ÜyÃ]ÝÄsÅ�Þ¿ ¼^å�ÜXÀÂÁ�Û�ÜXÀ â ËyÊÂÊ¾Ëyã\Ã

if
¿ ¼-ÀÂÁ�Û�ÜyÃ{ÄsÅÎÀD¿ ¼^å�ÜXÀÂÁ�Û�ÜyÃ{ÄsÅ\æ

In Figure4(b), 6 © ��£¦çèZé C �Dê �@�8ë and 6 © �%£¦çè5é C � ë\�@�8ì .
It’ s easyto seethat ªHGíJ > ! (g6 © �%£¦çè5é C is well defined.In
addition,ª�GµJ�> ! wehave

(1) EHGî�­E � > ! ��G~� ;
(2) 6 © ��£iïWð¦ñ çèZé C � � 6 © ��£¦çèZé C � ñ C ; and
(3) if G is finite, then EHG canbedecomposedinto a

setof disjoint subsets
k§ h � jh-l C with
o9¬ � suchthateach

n
§^h¦(g6 © �%£¦çè5é C � òVó " is a circularlist. Each

n §^h¤(g6 © �%£¦çè5é C � òyó "
is calleda boundary of G .

The property(2) above ensuresthat for a discretefunc-
tion
�

definedon > ! , andsome�ô
 � , a boundaryof 
��&
> ! � ��� ���õ"ö�%� is alsoa boundaryof 
���
=> ! � ��� �H�Çmö��� .
This propertyis not held by 4- or 8-neighborconnections,
which is the reasonwhy we don’t choose4- or 8-neighbor
connectionsto definemonotoniclines.

For finite G , 6 © �%£¦çè5é C definesa directionon EHG : on the
outerboundary, the directionis counterclockwise;andon
theinnerboundaries,thedirectionis clockwise.

Definition 2.4 A finiteset G÷J¢> ! is simply 6.1-connected
if bothX and > ! ��G are6.1-connected.

Lemma 2.1 For a finite set G øù> ! , G is simply 6.1-
connectediff

n EHG&(g6 © �%£¦çè5é C " is a circular list. That is
to say, for a finite digital set G ,

n E�G�(76 © �%£¦çè5é C " is a
circular list iff bothX and > ! ��G are6.1-connected.

This lemmais an equivalentof Jordan’s curve theorem
in thedigital plane.Dueto the limited space,in this paper,
wegiveour lemmasandtheoremswith proof omitted.

3 Definition and Property of Mono-
tonic Lines

Any gray image can be representedby a function
�ú�


�'%(5�*(�+,+-+-(g.	���*�Ç21
k')(5�`(5+-+,+-(76î�e�:� �û� . In this paper,
it’s assumedthatan imageis alwaysrepresentedthis way.
Let’sextendthefunctionto thewholeplane > ! .
Definition 3.1 Let �*üý�þ�BA . 1 For any function

�L�

�'%(5�*(�+,+-+-(g.ÿ���*��2õ
�')(��*(�+,+-+,(g6­���:� �;� , wedefinetheex-
tended function of

�
to bea function � � > ! � � ��� 
��*ük�

such that

� �TS (XU]� � � ���TS (VUW� if 'õm S n .ý(7'õm9U n 6 ;�*ü otherwise.

Denote� as � ��£ ©�o���S ¥ o �y� � .
Definition 3.2 For anydigital region G J=> ! , wedefine:�	� £�
Ç¥k·k� © ·{º S � © <yr © £ è5é C � G�� � 
�� 
 > ! �

1In fact,wecanchooseany ��
 whichis greaterthanall valuesassumed
by � , or smallerthanall valuesassumedby � .
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G � � S�� d%+,� - ´ �iU ´��Z©�o £�� S £ ¹�� ¥k¨ © «ô
ôGO� ;� o 
 ¥k·{� © ·kº S � © <Vr © £ èZé C � G~��� 
��R
 G � � S�� d)+-� -´ �iU ´��Z©�o £�� S £ ¹�� ¥k¨ © « 
�> ! ��G1� .
Definition 3.3 For anyimagerepresentedbyfunction

�
, let�

beits domain,and � beits extendedfunction. A mono-
tonic line of

�
is a boundaryE�G such that G÷J � is simply

6.1-connectedand not empty, and there exists �=
 � with
thepropertythateitherof thefollowing is true:

(1) ªH�¢
 � o 
Ç¥k·k� © ·{º S � © <yr © £ è5é C � G��^(�� � �H�õ"F� , ªH«1
�	� £�
Ç¥k·k� © ·{º S � © <yr © £ è5é C � G��^(�� � «)� n � ;
(2) ªH�¢
 � o 
Ç¥k·k� © ·{º S � © <yr © £ è5é C � G��^(�� � �H� n � , ªH«1
�	� £�
Ç¥k·k� © ·{º S � © <yr © £ è5é C � G��^(�� � «)��"?� .

If (1) is true, EHG is called outward falling; if (2) is true,E�G is called outward climbing. We denotethe setof all
monotoniclinesof

�
as .�¥ o ¥k£¦¥ o�S�����SXo�© r © £ �V� � .

Now we needto prove thatmonotoniclinesdon’t cross
eachother. Heretwo distinctmonotoniclines <�� and < ò don’t
crosseachotherdoesn’t mean< �YM < ò �8Q , sincethey can
intersecttangentially. SeeFigure6.

(a) (b)

Figure6: (a) <�� intersects< ò tangentially, (b) <�� crosses< ò .
Theorem3.1 Theorem of No Crossing Monotonic Lines
For anyimagerepresentedby function

�
, andany EHG&(7E�I

in .�¥ o ¥k£¦¥ o�S�����SXo�© r © £ �V� � , oneof following mustbe true:GµJ¢I , I_J¢G or GNMOIö�ýQ .

4 Monotonic Tree and Reduced
Monotonic Tree

Now we can define relationships on.�¥ o ¥k£¦¥ o�S���� SXo�© r © £ �y� � .
Definition 4.1 For any image represented by func-
tion

�
and any distinct monotonic lines EHG&(7E�I 
.�¥ o ¥k£¦¥ o�S���� SXo�© r © £ �y� � , EHG encloses EHI , denotedas� o � <D¥ ��©W� EHG&(gE�I � , if G"!¢I .EHG directly encloses E�I , denoted as# S · ©$� £�� o � <D¥ ��©W� EHG&(gEHI � , if � o � <y¥ ��©]� EHG&(7E�I@� and

there is no E % 
 .�¥ o ¥k£¦¥ o�S�����SVo�© r © £ �V� � such thatG&!'%(!¢I .

The relationship
# S · ©$� £�� o � <D¥ ��© is a parent-childrela-

tionshipon .�¥ o ¥k£¦¥ o�S���� SXo�© r © £ �y� � .

Theorem4.1 For any image represented by
function

�
, let

�
be its domain. Then

n
.�¥ o ¥k£¦¥ o�S���� SXo�© r © £ �y� �Z( # S · ©$� £�� o � <y¥ ��© " is a rooted
tree, and E � is its root.

Definition 4.2 For any image representedby function
�

,
the tree

n .�¥ o ¥k£¦¥ o�S���� SXo�© r © £ �y� �Z( # S · ©$� £�� o � <y¥ ��© "
is called the monotonic tree of

�
, denoted as.�¥ o ¥k£¦¥ o�S��*) · ©k©]�V� � .

Themonotonictreecanbereduced.

Definition 4.3 For any image represented by func-
tion
�

and any <��](7< ò 
K.�¥ o ¥k£¦¥ o�S���� SXo�© r © £ �y� �^( <��
uniquely directly encloses < ò , denoted as+ o�S c �H© # S · ©$� £�� o � <y¥ ��©]� <��{(g< ò � , if
(1)

# S · ©$� £�� o � <y¥ ��©W� <��*(g< ò � ; and
(2) ª�<�, 
 .�¥ o ¥k£¦¥ o�S�����SVo�© r © £ �V� � , if# S · ©-� £�� o � <D¥ ��©W� <��`(g<�,7� , then < ò ��<�, .
Definition 4.4 For any image representedby function

�
,

a monotonic slope
�

is a maximalsequenceof monotonic
lines

� ��
k< h �kjh,l C with
o~¬ � such that ª S � �`(/.�(�+,+-+-( o �¢� ,+ o�S c �H© # S · ©$� £�� o � <y¥ ��©]� < h (7< h-q CZ� . Thefirst monotonicline<DC is calledtheenclosing line of theslope

�
. Thesetof all

monotonicslopesis denotedas .�¥ o ¥k£¦¥ o�S�� rY<D¥/b © r © £ �V� � .
It’ s easyto seethat for two monotonicslopes

� � and
� ò

in
animage,if

� �a»� � ò
, then

� � M � ò �ýQ .

Definition 4.5 For any image representedby function
�

andany
� � ( � ò 
�.�¥ o ¥k£¦¥ o�S�� rY<D¥/b © r © £ �y� � , wedefine

(1) � o � <y¥ ��©]�0� � ( � ò � if 1)< � 
 � � (/1)< ò 
� ò (/� o � <D¥ ��©W� <��`(g< ò � ;
(2)

# S · ©$� £�� o � <y¥ ��©W�0� �]( � ò � if 1�<�� 
 � �](/1)< ò 
� ò ( # S · ©$� £�� o � <D¥ ��©W� <��`(7< ò � .
The relationship

# S · ©-� £�� o � <D¥ ��© is a parent-childrela-
tionshipon .�¥ o ¥k£¦¥ o�S�� rY<y¥/b © r © £ �y� � .
Theorem4.2 For any image represented by
function

�
, let

�
be its domain. Then

n
.�¥ o ¥k£¦¥ o�S�� rY<D¥/b © r © £ �y� �^( # S · ©-� £�� o � <D¥ ��© " is a rooted
tree, and the monotonicslope which contains E � is the
root.

Definition 4.6 For any image representedby function�
,
n .�¥ o ¥k£¦¥ o�S�� rY<D¥/b © r © £ �y� �^( # S · ©-� £�� o � <D¥ ��© " is

called the reduced monotonic tree of
�

, denoted as2 © � ���Z© �].�¥ o ¥k£¦¥ o�S��*) · ©k©W�y� � .
5 Image Smoothing and Texton Re-

trieval

In this section,we presenta smoothingschemebasedon
the reducedmonotonictree. The basic idea is to cut the
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branches(i.e., subtrees)in
2 © � ���Z© �].�¥ o ¥k£¦¥ o�S��*) · ©k©W�y� �

whicharesmall in thecoveredarea.

Definition 5.1 Enclosing Line, Covered Region, Covered
Area

For anyimagerepresentedbyfunction
�

, andanybranch
(i.e., subtree) 
 of

2 © � ���Z© �].�¥ o ¥k£¦¥ o�S��*) · ©k©W�y� � , let EHG
be the enclosingline of 
 ’s root. We definethe enclosing
line of 
 to be EHG , the covered region of 
 to be G , and
thecoveredareaof 
 to betheareaof G .

Definition 5.2 Maximal Branch
For anyimagerepresentedbyfunction

�
, andsomescale

threshold
)

, a branch 
 of the reducedmonotonictreeis
calleda maximalbranch under

)
if

(1) its coveredarea m ) ; and
(2) there is no otherbranch 3 such that 
fø43 and3 ’scoveredarea m ) .

Definition 5.3 CuttingValue
For any image representedby function

�
, and any

branch 
 of
2 © � ���Z© �].�¥ o ¥k£¦¥ o�S��*) · ©k©W�y� � , let � �� �%£ ©�o���S ¥ o �y� � and EHG be the enclosingline of 
 . If EHG

is outward falling, wedefinethecuttingvalueof 
 to be:

3 � £i£ SXo�¸65 ´ < ��©W� 
#¶ � �Y� 798;:<>=>?�@-A�B üDC �*E C/F h < E�GIHJE A�K�L M*N çPO �
� �H�Z¶

else, wedefine:

3 � £i£ SXo�¸65 ´ < ��©W� 
#¶ � �Y� 7�QSR<>=>?�@-A�B üDC �*E C/F h < E�GIHJE A K�L M N çPO �
� �H�Z+

It’ s easyto seethat if 
R»� 2 © � ���Z© �].�¥ o ¥k£¦¥ o�S��*) · ©k©W�y� � ,
then 3 � £i£ SXo�¸65 ´ < �H©W� 
#¶ � � is alwaysfinite.

Lemma 5.1 For anyimage representedby function
�

, and
somescalethreshold

)
, let 
-
 h¦�kjh,l C bethesetof themax-

imal branchesin
2 © � ���Z© �W.�¥ o ¥k£¦¥ o�S���) · ©�©W�V� � under

)
.

For each 
 h , let Gah beits coveredregion. Thenwehave:

ª S »�=U`(¤G hUT GWVB��QÇ+
Basedon thelemmaabove,wecandefine:

Definition 5.4 Smoothing by Cutting Branches
Let

)
be somescalethreshold. For any image repre-

sentedby function
�

, let
�

be its domainand 
$
 h ��jh-l C be
thesetof themaximalbranchesunder

)
. For each 
 h , letG h beits coveredregion. We definetheapproximationof

�
bycutting 
-
 hi� jh-l C to bea function

¸ �J��� �
such that:

¸�� ��� � � 3 � £i£ SXo�¸65 ´ < ��©W� 
 h ¶ � � if �&
4G h for some
S
;��� �H� otherwise.

Denotȩ as r�¨�¥{¥k£ ¹%SVo�¸ 3X
 �V� ¶ ) � .

The aim of smoothingis to remove small-scaledetails
andget thelarge-scalefeatures.On theotherhand,texture
retrieval is a processto retrieve andanalyzethefeaturesof
regularsmall-scaledetails.

Definition 5.5 For any image representedby function
�

,
andanyscalethreshold

)
, thesetof maximalbranchesun-

der
)

is denotedas . ´ � S ¨ ´ <Y
 · ´`o ��¹ r © £ �V� ¶ ) � . A maxi-
malbranch is calledpositive if its enclosingline is outward
falling; it’ s called negative if its enclosingline is outward
climbing.

If the elements in . ´ � S ¨ ´ <Y
 · ´`o ��¹ r © £ �V� ¶ ) � are
regular in their shape and permutation, each of them
is a texton. Under the reduced monotonic tree, the
small-scaledetails are formally representedby the set. ´ � S ¨ ´ <Z
@· ´]o �5¹ r © £ �V� ¶ ) � , which provides a basefor
other techniquessuchas point patternrecognition,shape
analysisandstatistics.

6 Experiments

In this section, we include four tests on smoothingby
cutting maximalbranches.Maximal branchesare mainly
shown in black-whiteway: positive maximalbranchesare
shown in white color (gray level 255); negative onesare
shown in blackcolor (gray level 0); andthebackgroundis
shown in gray color (gray level 127). Due to the limited
space,only for testtwo, we show themaximalbranchesin
gray colors. For theseexamples,the scalethresholdsare
selectedmanuallyso that noiseand texture are displayed
clearlyat thesescales.

Testoneis shown in Figure7. This testis a representa-
tiveof our testsonsmoothing,whichshow thatoursmooth-
ing schemeis successfulin noisereductionwhile maintain-
ing edgeretention.

Figure7: Testone: (a) original image
� C with size �-[*'42��d`' , (b) smoothedimage r�¨�¥{¥k£ ¹)SXo�¸ 3X
 � � Ck¶�[:'`� .

Testtwo is shown in Figure8. In this test,thestarsin the
nationalflag form very regular texture. Eachstarappears
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in a positive maximalbranch.Moreover, thecharacteristic
features(suchas eyes, nose,mouth) in the faceare also
retrieved as maximal branches,which meansthe reduced
monotonictreecanbeusedfor objectrecognitiontoo.

Figure 8: Test two: (a) original image
� ! with

size �]\U^ 2 .:'>\ , (b) rY¨4¥{¥k£ ¹%SXo�¸ 3X
 � � ! ¶�^*']� ,
(c). ´ � S ¨ ´ <Y
@· ´]o �5¹ r © £ � � ! ¶/^*']� in black-white, and
(d) . ´ � S ¨ ´ <Z
@· ´]o �5¹ r © £ � � ! ¶�^*']� in graycolors.

In testthree(Figure9), two factscomplicatetexturere-
trieval: (1) the imageis noisy; and (2) the texture of the
orangeitself hascomplicatedstructures.We take a multi-
scaleapproachfor this example.We smooththeimagestep
by stepwith scales10, 50 and 300. We can seethat the
maximalbranchesbeingcut in the first step(Figure9(b))
mainly correspondto noise. The maximalbranchesbeing
cut in the second(Figure9(c)(e))andlast (Figure9(d)(f))
stepscorrespondto texturestructuresatdifferentscales.For
this example,the concentricfeatureof the texture is better
capturedby themaximalbranchesat scale50.

In the last test (Figures10 through12), we againtake
multiscaleapproach.In thisexample,differentkindsof tex-
turescoexist: stairway, trees,andwater. Thedifferenceof
thesetexturesis clearlydisplayedin themaximalbranches
beingretrievedat thesecondstep(Figure12).

Of course, in these examples, the scale thresholds
are chosenmanually, and the structuresin the maximal
branchesareviewed and judgedby humanbeings. How-
ever, fromtheseexampleswecanseethatif wecombineour
schemewith othertechniquessuchaspointpatternrecogni-
tion, shapeanalysis,andstatistics,we will soonrealizeour
dreamof automaticallyremoving noiseanddetectingtex-
turein images.In addition,thereducedmonotonictreeis a
representationof structuresat all scalesin an image.Thus
it canalsobeusedto retrieveandanalyzestructuresat large
scales,which will helpobjectdetectionandrecognition.

7 Conclusion

In thispaper, weintroducedamodeltermedmonotonictree,
which hasadvantagesover the contourtreesin imagepro-
cessing.The reducedmonotonictreecanbe usedasa hi-
erarchicalrepresentationof imagestructures.In particular,

Figure 9: Test three: (a) original image
��_

with
size `U`*' 2 .>`*d , (b) . ´ � S ¨ ´ <Y
 · ´`o ��¹ r © £ � � _ ¶5��'`� ,
(c). ´ � S ¨ ´ <Y
 · ´]o �5¹ r © £ � � C�a_ ¶/[:']� , where� C�a_ � rY¨4¥{¥k£ ¹%SXo�¸ 3X
 � � _ ¶5��']� , (d). ´ � S ¨ ´ <Z
@· ´]o �5¹ r © £ � �Ub a_ ¶/`*'*']� , where

�Jb a_ �r�¨�¥{¥k£ ¹)SXo�¸ 3X
 � � C�a_ ¶/[*'`� , (e) positive branches in. ´ � S ¨ ´ <Z
@· ´]o �5¹ r © £ � � C�a_ ¶�[:'`� , and (f) positive branches
in . ´ � S ¨ ´ <Z
@· ´]o �5¹ r © £ � �Ub a_ ¶/`*'*']� .
we demonstratedtheapplicationof thereducedmonotonic
treeon imagesmoothingandtextureretrieval. Thereduced
monotonictree can also be usedto retrieve and analyze
structuresat large scales,which will help objectdetection
andrecognition.
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